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Abstract: The transmission of electron wave functions in a material whose physical parameters
vary along a specific spatial direction has been investigated from a rigorous theoretical perspective. In
such systems, spatial inhomogeneity plays a crucial role in determining the quantum-mechanical
behavior of charge carriers, since variations in potential energy, effective mass, or compositional profile
significantly influence wave propagation. When an electron travels through a non-uniform medium, its
wave function adapts to the changing environment, leading to reflection, transmission, and interference
phenomena that must be described consistently within the framework of quantum mechanics.

The present analysis is based on the single-particle, time-independent Schrddinger equation,
which provides a fundamental description of stationary states in quantum systems. This equation is
formulated under the assumption of total energy conservation, meaning that the sum of kinetic and
potential energies remains constant throughout the motion of the particle. By applying appropriate
boundary conditions at interfaces where material properties change, one can determine the amplitudes
of reflected and transmitted waves, as well as calculate physically measurable quantities such as
transmission and reflection coefficients.

Within this formalism, elastic scattering processes of non-interacting, spinless particles are
examined in detail. Elastic scattering implies that the particle’s total energy is conserved during
interaction with the potential landscape, although its momentum and direction of motion may change.
Particular attention is given to quantum tunneling phenomena, in which particles penetrate potential
barriers even when their kinetic energy is lower than the barrier height. Such processes arise purely from
the wave nature of matter and have no classical analog. Altogether, the approach provides a unified,
internally consistent framework for describing wave transmission, reflection, and tunneling in spatially
non-uniform quantum systems.

Keywords: semiconductor structure, Schrédinger equation, elastic scattering, tunneling effect,
potential barriers, quantum well, effective mass, bulk quantization.

AHHOTaIII/Iﬂ: C Toukm 3pCHUA CTpOFOfI TCOpUH HCCICAOBAHO PACHPOCTPAHCHUC BOJHOBBIX
(byHKI_[I/If/'I OJICKTPOHOB B MaTCpHaJiC, (1)I/I3I/I‘{€CKI/IC napamMeTpbl KOTOPOro HU3SMCHAIOTCA BIOJIb
OMPCACICHHOIO MPOCTPAHCTBCHHOI'O  HAIIPABJICHUA. B Takmx cucreMax MMPOCTPAaHCTBCHHAA
HCOAHOPOAHOCTb HI'PACT PCIIANOIUIYIO POJIb B OMNPCACICHUU KBAHTOBO-MCXAHUYCCKOI'O IMOBCIACHUA
HOCHUTEIEH 3apsaia, IMOCKOJIBKY HW3MCHCHHA HOTGHL[I/IaJ'II:HOf/’I OHEPTUy, 3(1)(1)€KTI/IBHOI‘/1 MacChbl HJIH
HpO(l)I/IJ'ISI COCTaBa CYHICCTBCHHO BJIUAIOT HAa PACIIPOCTPAHCHUC BOJIH. KOF,Z[a OJICKTPOH ABUIKCTCS UCPEC3
HEOJJHOPOJHYIO Cpely, €ro BOJIHOBas (DYHKLMS alalTUPYETCs K U3MEHSIOIIEHcs cpeie, YTO MPUBOAUT
K ABJICHUSAM OTpPaXCHUA, MPOIyCKaHUA U I/IHTep(l)epeHLII/II/I, KOTOPBIC JOJDKHBIL OBITh IIOCJIICI0BATCIIBHO
OIMUCAaHbI B paMKax KBAaHTOBOM MEXaHHKH.

HaCTOSII_LII/Iﬁ aHaJIM3 OCHOBAaH Ha OJHOYACTUYHOM, CTAllMOHAPHOM YpaBHCHUH I_Hpé)erepa,
KOTOPOC obecrieunuBaeT (bYH,Z[aMeHTaIIBHOG OIMMCAaHNC CTAOUOHAPHBIX COCTOSIHUH B KBaHTOBBIX
CHCTEMAaX. ITO YpaBHCHUC C(l)OpMyJ'IPIpOBaHO B IMPCANOJIOKCHNHU COXPAaHCHU TOJTHOH OHEPTHUH, TO CCTh
CyMMa KHHETHYECKOH U HOTGHLII/IEIJ'H:HOﬁ 3Hepr1/1171 oCTaeTcsd IIOCTOSHHOM Ha MPOTAKCHHUU BCCTO
JABMOKCHUA 4YaCTHUILIBI. HpI/IMeHSISI COOTBCTCTBYIOIIUC T'PaHWYHBIC YCJIOBUSA Ha I'paHULAX pasaciia, TraAc
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HM3MEHSIOTCSI CBOMCTBA Marepuaia, MOXHO ONPCACIIUTD aMIUIMTY bl OTPAKCHHBIX U TPOMICAIINX BOJIH,
a TAKXKC pacCuuTaTb (1)I/IBI/I‘IGCKI/I HU3MCPUMBIC BCIIMYMUHBI, TAKHUC KaK KOB(l)(i)I/ILII/IeHTBI MMpOITyCKaHuAg U

OTpaXCHUA.

B pamkax pmanHoro Qopmammzma moApoOHO HCCIEMYIOTCS MPOILECCHl YINPYTOro paccesHUs
HeB3aI/IMOZ[€I>’ICTBy10H1PIX 0OeCCIIMHOBBIX HaCTHul. anyroe paccesaHrue MnoApasymMeBacT, 4YTO IIOJIHasd
OHCPTUd YaCTUIbl COXPAHACTCA IIPpU BSaI/IMO}_'ICf/'ICTBI/II/I C IIOTCHLHAJBbHBIM J'IaHZ[H_Ia(l)TOM, XoTsa eé
HUMITYJIBC W HaNpaBJICHUC NBUKCHUA MOT'YT HU3MCHATHCA. Oco0oe BHUMaHHE YACIACTCA ABJICHUAM
KBAaHTOBOI'O TYHHCJIMPOBAHUSA, IMPU KOTOPBIX YAaCTUIBI IMMPOHUKAIOT YCPE3 MOTCHIMUAJIBHBIC 6apLepLI,
AaK€ Korjga HUX KHUHCTHUYCCKAA OSHCPrusA HHUIKE BbICOTHI 6apbepa. Takue MmpouccCbl BO3HUKAKOT
HCKIIOYUTENHLHO U3 BOJTHOBOM npupoabl MaTCpu U HC HMMCIOT KJIACCUYCCKOI'0 aHajiora. B OeaoMm,
Z[aHHBIﬁ Ioaxon obecrieunBaeT CANHYIO, BHYTPCHHC HCIIPOTUBOPCUYMUBYIO OCHOBY [JIsI OIMMCAHUSA
nepeaavu, OTPAXCHUA W TYHHCIUMPOBAHUA BOJH B HNPOCTPAHCTBECHHO HCOAHOPOAHBLIX KBAHTOBBLIX
CHUCTCMaAX.

KuroueBbie ciioBa: TONYNPOBOAHMKOBAs CTPYKTypa, ypaBHeHue lllpémunrepa, ympyroe
paccesiHie, TYHHENBbHBIN 3((eKT, MOoTeHIHaabHble Oapbhepbl, KBaHTOBas sMa, d(PQEKTUBHAs Macca,
00BbEMHOE KBAaHTOBAHHE.

We examine fundamental aspects of electron wave propagation in a material whose physical
parameters change exclusively along one chosen spatial direction. The analysis relies on the time-
independent single-particle Schrédinger formalism to model elastic scattering and quantum tunneling
phenomena of non-interacting, spinless particles under the assumption that their total energy remains
conserved.

Advances in modern fabrication techniques make it possible to engineer semiconductor layers
with virtually arbitrary compositional distributions (i.e., quantum well heterostructures) in order to
optimize the performance of devices constructed from them [1]. Under such conditions, the description
of electronic states can be reduced to analyzing the motion of a microscopic particle in a periodically
modulated potential landscape. Suppose that the electron potential energy is defined piecewise as
U(x) = Uy for x < x; and U(x) = U, for x > x;. In this situation, the corresponding electron wave
function is represented in the following general form:

20y (hEZ_U" ) is the wave vector, m; is the effective mass of the electrons, and
j=1,23,... denotes the layer numbers in the structure. Then, from the boundary conditions for the
continuity of the wave functions [2] and electron flux, taking into account Bastard’s conditions (see, for
example, [3])-which differ from standard quantum mechanical problems - it is straightforward to obtain
relations connecting the amplitudes of the de Broglie waves of electrons located in adjacent regions
(layers):

where k;j(x) = k; =

241 = (1 + az1)A,exp(i(ks — kq)x1) + (1 — az1)Baexp(iks + kq)xq), @)
2B; = (1 — az1)A,exp(i(kz + ki)x1) + (1 + az1)Byexp(i(ks — ki)xy).
Here a;;, = ﬁ where k; = L, Equation (2) can conveniently be rewritten using the transfer
JJ kjr T " m;

matrix from region “1” to “2":

2 3)

B,

(21)  m(21)
[A1] — (1) Az] _ |1 T,
By By

B e (21)
T21 T22

where

T = 12D = %(1 + ayp)eitkekm 7D = 7D = %(1 — ayy)e-ilka+l)xs

o ~ 4)
det [T(“)] =k, /k, = /2—%

The transfer matrix T(21) becomes a unimodular matrix in the case when IEZ = El, i.e., for
symmetric structures [3], where the potential barrier heights and the effective electron masses are equal.

If we introduce the reflection coefficient r and transmission coefficient ¢ as the ratios of the
probability current densities in the reflected and transmitted waves to the probability current density of
electrons in the incident wave, then by definition
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(21) — 2 2 — |p(2D) @y |? 1) = k2 1417 _ky 1
re0 = [,/ = [rO /TS| ana o0 = el = ke e

In this context, the transmission coefficient has physical significance in classically allowed
regions, where the electron wave vectors are real values. Then, for the potential chosen in our case, we
have

2 2
- - - - mE —U m{E—-U
@) = |k — k| |+ B = 1= [ 222 |1+ |22
r |1 2|/|1 2| sz—Ul sz—Ul
_ 2
In particular, for a symmetric structure, r1 = :L? % and it becomes zero when the
1 2

effective electron masses are identical across all layers of the structure.

Currently, three-layer structures with rectangular quantum wells, featuring an additional potential
dip in the center, are used to create a new generation of resonant-tunneling diodes and heterolasers with
separated electronic and optical confinement [1]. Therefore, we will further analyze a structure
composed of three layers, described by the potential U(x) = U; for x < x; and for x; < x < x3;
U(x) = U; forx > x, and U(x) = U, forx > x;. Then, the transfer matrix T(31) = T(32)T(21), with
its matrix element

Y = G 1 gOreh = 1
< {(1+ az1)(1 + az)exp(2ika (x; — x1)) + (1 — az1)(1 — asy)}.
Then, for the over-barrier transmission coefficient of electrons, we have

t5) = Ak k3R, {(R2 + Roks)” — (k2 - K3) (K3 — k2)cos? [k, (x, — x,)]} L)

From (5), it is evident that, firstly, té?;) is invariant under the transformation l?l © E3, which

means that the electron transmission coefficient in the structure does not depend on the direction from

which the electrons approach the barrier. Secondly, the over-barrier transmission exhibits an oscillatory

nature. This oscillation is associated with the interference of waves reflected from the potential barrier,

with its amplitude determined by the difference (k? — k2)(k2 — k2), and it vanishes when electrons
have energies

exp(iksxy — kyxq — ky(x; — x1)) %

E].(O) = (szj - ijz)/(mz - mj),j =13
From (5), it is evident that dimensional quantization can be observed in the electron spectrum. If
such a spectrum is defined by the formula E_(k,, kz,n ) = E(ky, k,) + U, + EgnZ, then structures

with such layers, where k, = k, = k; with k, = ﬁ will be tunneling-transparent, i.e., t = 0,
X1

where n_ are odd integers. Interestingly, if the dimensional quantization spectrum is defined by the
formula E, (ky, k, ny) = E(ky, k) + Uy + Eon2, then in structures with layers where n, are even
integers, the behavior of t(31) depends on both the heights of the potential barriers and the ratio of the
effective masses of electrons in adjacent layers, i.e., it is determined by the expression
Ak, k3ka{(R2 + kuka)? — (k2 — k3)(RE - k2))

where, for k; > k, > k5 (or k; < k, < k), it is possible that t© > 1. This indicates that, in
such a structure, an enhancement of the transmission of electron de Broglie waves may occur.

Thus, depending on the nature of the dimensional quantization chosen, it is possible to either
suppress or enhance the oscillatory scattering phenomena from barriers or tunneling through the barrier.

For the study of under-barrier transmission of electrons, one can use the above formula for
TS = 1CI7CD 4 TEATED \where, for E > U; (for j = 1,3) and E < U,, it is convenient to make
the following transformation:

Ej +k, = ~]- + ik, ’ ; + Kk5exp(£ig;,),

where ¢;, = arctan (%) and k, = %(UZ—E). Then, the under-barrier transmission
J

coefficient has the form:

(31) = 4];1’2%];3{(]‘2 + Kz)(kz %)Smh[’cz (x; — x1)]} (6)
and is symmetric with respect to the transformation k; < k;.
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It is important to emphasize that in an asymmetric semiconductor configuration — and even in a
symmetric one where the effective electron mass differs across individual layers — oscillatory behavior
is anticipated in the energy (spectral) dependence of both the transmission probability associated with
guantum tunneling and the overall transparency of the potential barrier. These oscillations arise from
the interference of electron waves reflected at the interfaces of the potential barrier, while their amplitude
is governed by the mismatch between the electron wave vectors inside the barrier region and those in
the neighboring potential wells. Moreover, this interference effect does not vanish even in structurally
symmetric systems, since variations in the effective electron mass across different regions of the
heterostructure inherently sustain the phase differences responsible for the oscillatory response.
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